We provide a new way of understanding the multiplicative structure of the rational homotopy groups π * (X λ ) ⊗ Q for a family of topological spaces, once we know enough about their additive structure. This allows us to interpret the condition of realizing as an A k map a multiple of a map f : S 1 −→ G between two topological groups in terms of the existence of a rational Whitehead product of order k. Our main example will be when the X λ are classifying spaces of symplectomorphism groups BSymp( g × S 2 , ω λ )
O. Buşe desuspensions of Whitehead products present in the classifying spaces of the groups under study.
The study of the topology of symplectomorphism groups began with Gromov [11] in 1985 in the case of the projective surface P 1 × P 1 . Abreu [1] , Anjos [4] , Abreu-McDuff [3] , and more recently, Abreu-Granja-Kitchloo [2] studied in detail the homotopy type of rational ruled surfaces with variable cohomology.
We propose that the appearance of higher Samelson products in the homotopy groups of symplectomorphism groups is in many instances related to the presence of negative self-intersection holomorphic curves detectable by parametric Gromov-Witten invariants.
Whitehead products were first introduced by Porter [19] and rational ones were later studied by Allday [7, 8] . Andrews-Arkovitz [6] studied applications of ra- Proposition 2.1 in Section 2 introduces a precise setting in which we can single out a nontrivial Whitehead product W (k) (F ) . Let us present, however, an instance of this proposition which pertains to our main application. Proposition 1.5. Consider a family of groups G λ with the deformation property, such that all higher rational Whitehead products in BG λ 0 of degree strictly less than 2n vanish. Given a continuous homomorphism γ : S 1 −→ G λ 0 , denote by F n : P n −→ BG λ 0 the restriction of the induced map Bγ : BS 1 −→ BG λ 0 to the 2n skeleton. Suppose that F n has a deformation F n,ε : P n −→ BG λ 0 +ε that extends to F n,ε : P n+1 −→ BG λ 0 +ε when ε > 0, so that condition ( * ) is satisfied:
( * ) No multiple of F n,ε is homotopic to a map into BG λ 0 .
Then one of the following holds A) There is a new element of π 2n+2 BG λ 0 +ε ⊗ Q.
B) There is a nonzero element W ∈ π 2n+1 BG λ 0 ⊗ Q such that the Whitehead product W (n) (F 1 ) = {0, W}. Whitehead Products and Symplectomorphism Groups circle actions H i each with two fixed point sets given by holomorphic curves in classes A ± i F , 1 ≤ i ≤ k. Due to the work of Abreu and McDuff [3, 16] , appropriate integer multiples of all these actions give the same elements [γ g ] in the rational homotopy groups π 1 (G g λ ) ⊗ Q. Using the maps γ g in Proposition 1.5, we can verify condition ( * ) for all genus g by using parametric Gromov-Witten (PGW) invariants. In our case, these are equivariant Gromov-Witten (EGW) invariants, and count precisely the H i -invariant curves. We show that the only natural EGW (those counting generically isolated curves with no marked points in certain associated fibrations) are given by Moreover, because enough information is known about rational homotopy groups in these instances, we can eliminate case A) of Proposition 1.5. One consequence for g = 1 was explained in the beginning. In the rational ruled surface case, where the base is a sphere, we obtain the following proposition: Proposition 1.7. For all k ≥ 1 and k < λ ≤ k + 1, and for γ λ given by the circle action H k , the Samelson product of order 2k + 1, S (2k+1) (γ λ ), is equal to {0, w k } ⊂ π 4k (G λ ), where w k is a fragile homotopy class that disappears when λ > k + 1.
Note that the nontriviality of these Whitehead products was established by
Abreu-McDuff in [3] using different methods.
We will use this result to give an alternative proof of the following theorem concerning the rational cohomology ring of the classifying spaces BG λ that is due to Abreu-Granja-Kitchloo [2] (see also for a partial result in this direction).
, and where the polynomial F k is given by:
O. Buşe
For the proof, we use consequences of the existence of a nontrivial rational Whitehead product to the structure of the Sullivan minimal models of the classifying spaces BG 0 λ , along with algebraic computations from [2] that exploit the underlying toric structures of Kähler representatives of (S 2 × S 2 , ω k ).
In Section 4.7, we discuss the case g > 1 and prove the existence of nontrivial higher Whitehead products. As a consequence, we show that the groups G g λ do not have the homotopy type of a compact Lie group.
The structure of the paper
The paper is organized as follows. In Section 2, we introduce and prove the topological result on the existence of nontrivial Whitehead products that enable us to provide examples in the rest of the paper. In the same section, we discuss a relation between rational higher-order Whitehead products and the existence of A k maps between S 1 and a topological group. In Section 3, we start the discussion of the symplectic setting for our main example when the family X λ is BSymp(M, ω λ ). A description of the parametric Gromov-Witten invariants, the main tools we use to determine nontriviality, is provided in Subsection 3.2.
We rephrase Proposition 1.5 in this setting and then focus in Section 4 on our main objects of study, the symplectic ruled surfaces. In 4.1, we provide the necessary background on ruled surfaces. The remaining three Subsections 4.4, 4.5, and 4.7 will study the cases g = 0, g = 1, and g > 1. In particular, for the rational case, we provide in Subsection 4.6 the arguments to obtain an alternative method for the full multiplicative structure of the cohomology rings of the classifying spaces and compare them with [2] .
In 4.8, we provide a proof of Theorem 1.6 based on obstruction bundle techniques. We compute there all the natural equivariant Gromov-Witten invariants in the topologically trivial ruled symplectic surfaces.
Topological Setting
In this section, we first introduce Proposition 2.1 which describes relations between rational Whitehead products in a space Y and maps from projective spaces P k to Y.
Afterward, we use this result to study under what conditions families of maps F n+1,ε :
If one considers the rationalization X 0 of X, there exist localization maps dence, and since we will be interested in nontrivial elements of infinite order up to a factor, we will say that the rational Whitehead products considered are of elements in π * BG ⊗ Q. This correspondence can be formalized by considering other definitions of Whitehead products; see for instance Allday [7] , who defines rational Whitehead products on the graded differential Lie algebra π * BG λ ⊗ Q. Proposition 2.1. The following holds: a) Assume that there is a map F :
for which the following rational Whitehead products vanish:
Then there is a map F n : P n −→ Y which extends a map homotopic to a multiple of F .
b) The converse is also true; namely, if there is some F n : P n −→ Y that extends a map homotopic to a multiple of
is defined. Moreover, if neither F n nor one of its multiples can be extended to a map defined on P n+1 then W (n+1) (F ) contains a nontrivial element.
Proof of Proposition 2.1 We will investigate the correspondence between maps defined on P (k) := (S 2 ) k and its skeletons and P k and its skeletons. We reserve the notation T (k) for the codimension-two (or the fat wedge) skeleton of P (k) .
Recall that there is a covering map
where S k is the kth group of permutations. Then a (k) :
Whitehead product map, used to attach the top cell of dimension 2k on T (k) to obtain
If we look at the Hopf fibration
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O. Buşe we obtain the Hopf maps h (k) : S 2k+1 −→ P k used to attach a (2k + 2)-dimensional cell to P k in order to obtain P k+1 . The long exact homotopy sequence for this fibration immediately yields that π 2k+1 P k = Z and this group is generated by h (k) . Hence for any map
, and the number N ∈ Z is called the Hopf invariant of the map g. Note that if one considers the mapping cone C g of such maps and denotes by x and z the generators of H 2 (C g ; Z) = Z and H 2k+2 (C g ; Z) = Z, then the Hopf invariant is also given by x k+1 = Nz. This can be seen by looking at the following cofiber sequence (obtained as a consequence of the fact that π 2k+1 P k = Z and that the mapping cone of the
It is often easier to compute the Hopf invariant using the cup product in C g . 
Since the degree of the map M must match (k + 1)! (as above), the lemma follows.
We now proceed to prove part (a) of Proposition 2.1. Fix n > 1 and F such that Whitehead Products and Symplectomorphism Groups which commute with all possible inclusions i :
The following lemma that yields immediately part (a) of Proposition 2.1:
(1) The maps g (k) in (6) can be chosen symmetric in the sense that they commute with the S k action. Moreover, they extend to symmetric maps
(2) There exist maps F k : P k −→ Y that commute with the inclusions i : P k −→ P k+ j , whose restriction F 1 satisfies F 1 = N · F , a multiple of F and for which we have
and
Proof of Lemma 2.3. The following commuting diagram:
replacing F with its multiple N · F . We can then use induction:
(Proof of Lemma 2.3 for k = 2) Take g (2) = F ∨ F , which is clearly symmetric. The obstruction to extending the map F (1) := F from S 2 = P 1 to P 2 is given by the homotopy class [F • h (1) ] ∈ π 3 Y. We have by Lemma 2.2:
We replace F by 2F and this will kill the two torsion in [F • h (1) ] because, as (1) ]. Therefore, after replacing F with its multiple we can (2) , which is clearly symmetric and extends g (2) . agree on intersections, we define g (k+1) : (k+1) . Moreover, by hypothesis, the obstruction to extend this map to the product is 0 = [g (k+1) • a (k+1) ] and using Lemma 2.2 we get (k
. By replacing F with N · F , we can kill the undesired torsion in
, which is a symmetric extension of g (k+1) .
This concludes the proof of Lemma 2.3.
To prove (b) of Proposition 2.1, let us consider the maps
They provide an extension of F 1 ∨ . . . ∨ F 1 to T (n+1) and hence W (n+1) (F 1 ) is defined, thus W (n+1) (F ) ⊗ Q is also defined. Let us assume that F n : P n −→ Y cannot be extended over
We know that the obstruction to extend the map
. Again, if we work rationally we can insure by considering a multiple of F n that the homotopy class [F n • h (n) ] is of infinite order and
Deformations of Whitehead products
Now consider a topological family X λ 0 +ε that admits the following deformation property: Definition 2.4. Let I ⊂ R be an open interval and X λ , λ ∈ I , be a family of closed subspaces of a topological space X. For J ⊂ I , let X J = ∪ λ∈J {λ} × X λ ⊂ J × X. We say that the family {X λ } has the deformation property if for each λ ∈ I and every compact set
Moreover, the germ of the deformation h is unique up to homotopy in the sense that for any two maps h and h satisfying this diagram and which coincide on 0 × K, there exists, for small enough ε > 0, a homotopy H :
We say that the family X λ , λ ∈ I satisfies the full deformation property if both h and H exist for all ε > 0.
for small positive ε and for F ε a deformation of F .
The proof is immediate. Let Y = X λ 0 in Proposition 2.1. Any extension F p : P n −→ X λ 0 provided by part (a) has a deformation F n,ε : P n −→ X λ 0 +ε extending a map F ε : P 1 −→ X λ 0 +ε for small ε. Corollary 2.6. Assume that we have a map F n+1,ε : P n+1 −→ X λ 0 +ε , ε > 0 satisfying I) F n+1,ε and any of its multiples are new maps with respect to X λ 0 in the family
II) The restriction F n,ε : P n −→ X λ 0 +ε belongs to a continuous family F n,ε , ε ≥ 0.
Then one of the following holds
A) There is a new element with respect to
In general, we can replace condition II by a weaker condition and obtain: Corollary 2.7. Assume that we have a map F n+1,ε : P n+1 −→ X λ 0 +ε , ε > 0 satisfying O. Buşe I) F n+1,ε and any of its multiples are new maps with respect to X λ 0 in the family
Then one of the following holds C) There is a new element with respect to X λ 0 in π 2r+2 (X λ 0 +ε ) ⊗ Q, for some r
Proof of Corollary 2.6. Consider the map F n,0 : P n −→ X λ 0 provided by assumption II. If neither F n,0 nor its multiples can be extended to a map defined on P n+1 then, using part b) of Proposition 2.1, situation B) will hold.
Otherwise, consider an extension F n+1,0 : P n+1 −→ X λ 0 . This map will deform to a family F n+1,ε : P n+1 −→ X λ 0 +ε for sufficiently small ε. We will now have two maps, F n+1,ε and the original map F n+1,ε , whose restrictions to the codimension-two skeletons P n are homotopic. But F n+1,ε and F n+1,ε cannot be homotopic to each other because F n+1,ε represents a new family. Thus, there must be a new element η ε in π 2n+2 (X λ 0 +ε ) obtained as follows: after a homotopy we can assume that F n,ε and F n,ε are the same, hence their extensions F n+1,ε and F n+1,ε are built using two maps φ 1 : e 2n+2 −→ X λ 0 +ε and φ 2 : e 2n+2 −→ X λ 0 +ε that agree when restricted to the boundary of the top cells e 2n+2 . By gluing these two maps along their boundaries, we obtain a new map η ε : S 2n+2 −→ X λ 0 +ε , which is not null-homotopic since F n+1,ε and F n+1,ε are not homotopic. By taking sufficient high multiples of the maps F and F , we can ensure that η ε has no vanishing multiples.
Corollary 2.7 follows immediately as above. Consider a continuous map f : S 1 −→ G and its suspension F : P 1 −→ BG. The obstructions for extending F to a map F ∞ : P ∞ = BS 1 −→ BG are the same as for extending f as an H -homomorphism (otherwise known as A ∞ map) (see Stasheff [22] Whitehead Products and Symplectomorphism Groups that f is an H -homomorphism if there are two topological groups S, K weakly homotopy equivalent to S 1 and G, respectively, and a group homomorphism φ : S −→ K whose homotopy class corresponds to the class of f via the homotopy equivalences involved.
In general, the obstructions to extend F to a map F k : P k −→ BG is the obstruction to realize f as an A k map. So one can interpret parts of Proposition 2.1 as follows: We will be interested to apply Proposition 2.1 and its corollaries for such symplectic families BG λ in general. Nevertheless, the existence of essential robust elements with sufficiently many trivial Whitehead products is difficult to prove in general and hence we will ultimately reduce to the case of ruled surfaces to provide examples.
Let us observe that a map f : B −→ BSymp(M, ω λ ) is the same as a symplectic fibration with base B and fiber M, whose structural group is inside the symplectomorphism group. Thus, studying extensions of such maps will in fact mean studying symplectic fibrations. Let us introduce some preliminaries for convenience.
Symplectic fibrations
Consider a triple (M, ω 0 , J) where J is an almost complex structure that tames ω 0 and has a canonical class c 1 (M). As shown in [12] , such forms correspond to symplectic connections on the fibration. Consider (U α ) an atlas covering the base B and a trivialization φ α :
. An equivalent definition of the symplectic fibration is that φ αβ ⊂ Symp(M, ω 0 ). Indeed, given such a trivialization, the form 0 is obtained via a partition of unity from canonical forms on 
We say that a symplectic fibration is a Hamiltonian fibration if the structure group further reduces to
By a result of Guillemin et al. [12] , a symplectic fibration with a simply connected base B is Hamiltonian if and only if there exists a closed extension 0 ∈ 2 (Q).
Moreover, a result of Thurston [17, page 197] guarantees that if the base B carries a symplectic form σ B , then for t sufficiently large the form 0 can be chosen to be symplectic and to represent the class We are interested in applying Corollaries 2.6 and 2.7 for the cases X λ = BSymp(M, ω λ ). Let us point out that a deformation F n,ε :
corresponds to a fiberwise symplectic deformation ( λ ) λ≥0 on Q −→ P n based on the family (M, ω λ ) λ≥0 . Thus, the essential tool to show that a given family F n+1,ε , ε > 0 is a new family as in part I of Corollary 2.6 must in fact be a tool that shows obstructions to deform it to ε = 0. These tools will be parametric Gromov-Witten invariants, which are introduced in the next section. The informed reader may skip and go to Subsection 3.3
to see them applied to our setting.
Definition and properties of parametric Gromov-Witten invariants
We will first make a summary of their defining properties. We will use results from Li-Tian [15] as well as results from Le-Ono [14] .
Assume that the symplectic fibration π : Q −→ B with fiber (M, ω) admits a closed extension of ω. As explained in Subsection 3.1, we may consider a section 
Following the same line of argument as in [15] , the above result allows one to 
which, for α ∈ [H * (Q; R)] m and β ∈ H * M g,m are given as:
These invariants are zero unless
Let us focus on the case when β = 1 and α is the Poincaré dual of a product of m (iii) (Le-Ono [14] ) Symplectic sum formula: let Q = Q 1 #Q 2 be a fiber connected sum of two fibrations. Then
Equivariant Gromov-Witten invariants

Equivariant Gromov-Witten invariants can be defined for any Hamiltonian action of a compact Lie group H on a symplectic manifold (M, ω).
We will restrict ourselves to the case of Hamiltonian circle actions H = S 1 . To define them, we will follow here the approach of Givental, Givental-Kim, and Ruan; namely, equivariant Gromov-Witten (GW) invariants will be viewed as limits of parametric GW-invariants.
Consider the universal symplectic fibration M S 1 = M × S 1 E S 1 with fiber (M, ω).
M S 1 consists of an infinite tower of Hamiltonian fibrations π (k) : M (k)
Note that M comes equipped with an S 1 -invariant symplectic form ω. By taking its pullback to the product M × E S 1 and its descendants to the quotients M (k) S 1 , we obtain closed two-form extensions (k) . Similarly,using an S 1 -invariant compatible almost complex structure on M, we obtain a natural vertical almost complex structure J (k) compatible with the fibration that makes the map π (k) almost holomorphic, so that the triple (k) ) is compatible with the fibration π (k) 
We say that M S 1 admits the vertical almost complex structure J if J restricts to the usual vertical almost complex structure on each M (k) S 1 . Similarly, we say that is a closed two form on M S 1 if it restricts to a closed two form on each M (k) S 1 . Then, the equivariant Gromov-Witten invariants are maps
O. Buşe which are defined as follows:
u of degree 2, any class in γ ∈ H * (BS 1 , Q) can be written as γ = k=∞ k=1 γ k u k . Consider the inclusion maps i M
where EGW Nevertheless, to find families that satisfy both conditions I and II is more difficult; that is because one needs to know a great deal more about the additive structure of the symplectomorphism groups to be able to satisfy II. Hence, we restrict our attention to the ruled surfaces in the next section. σ g ), where λ ≥ 1 and the two forms σ S 2 and σ g have total area 1. Accordingly, we let the symplectomorphism groups 
The invariants EGW
O. Buşe λ . This appears for instance in M. Audin [9] . For these actions, we give a complete description of the equivariant Gromov-Witten invariants that count isolated curves of genus g. We also describe families of robust elements as in the hypothesis of Proposition 2.1 which, combined with the nontrivial count of EGW, yields nontrivial Whitehead products.
The Lie groups H k ≈ S 1 act on the manifolds M g λ , λ > k as follows. We denote by O(−2k) g a holomorphic line bundle of degree −2k over the surface g , and consider the projectivized line bundles π :
) are endowed with naturally integrable almost complex structures denoted by J (k),g . Topologically, they are just g × S 2 and it is easy to see that these bundles admit a holomorphic circle action that rotates the fibers while fixing the zero section and the section at infinity that represents the classes A − kF and A + kF , respectively:
In coordinates, this action is given by e it · (b,
) as the symplectic manifolds M g λ endowed with the S 1 -invariant taming complex structures J (k),g whenever λ > k.
The J (k),g -holomorphic circle actions (20) become Hamiltonian with respect to the tamed symplectic forms ω λ whenever λ > k; this is for example explained in [9] . The ruled surfaces M g λ , for λ > 0 can be constructed via symplectic reduction from disk bun-
It is clear that the actions (20) cease to be symplectic whenever λ ≤ k. However, for λ > k they yield symplectic actions:
To stress this distinction, we will use the notation γ 
where ρ : g −→ S 2 is a covering map of degree k and R
ρ(z)
e it (w) rotates the fiber sphere in S 2 × S 2 with an angle t about a point ρ(z) in the base sphere. So we have that [t
Toric actions K k in the rational case
In the case g = 0, the Hamiltonian H k circle actions (20) are in fact induced from a T 2 toric action. Then, M 0 λ , λ ≥ 1 can be obtained through symplectic reduction in λ different ways as M 0 λ = C 4 //T 2 , for any 0 ≤ k < λ where the two generators ξ 1 , ξ 2 of T 2 act on C 4 with weights (1, 1, 0, 0) and (2k, 0, 1, 1) . The subgroups K k of symplectic automorphisms that commute with the toric action are compact Lie subgroups given by (3) . The latter has two 2-torsion generators τ and τ of π 1 K 0 and α := α 0 and η as two nontorsion generators in π 3 
Moreover, the inclusion K k −→ G 0 λ induces an injection on the rational homotopy groups. Since for λ > k > 0, π * K k ⊗ Q has one generator γ k in dimension one and one generator α k in dimension three, while π 3 K 0 ⊗ Q has two generators η and α 0 = α, it follows that π * G 0 λ ⊗ Q has one generator γ 0 λ,k in dimension one when λ > k > 1, and two generators α, β in dimension three when λ > 1.
The following lemma, essentially proved in [3] gives us relations between the nontrivial images of these generators of H k and K k when viewed inside an appropriate G λ .
Lemma 4.3.
(i) Consider (1) g > 0 and k ≥ 1, or (2) g = 0 and k ≥ 2.
[t 
(iii) For g = 0, we have
(iv) There exists a continuous family of robust elements of infinite order
such that for λ > k the elements δ 
Proof. The proof of (i) is an immediate adaptation of Lemma 2.10 proved in Abreu-
McDuff [3] for the case g = 0. In fact they actually compute the difference between the two terms as a 2-torsion element. Similarly, when we restrict to the given range for λ the morphismsĩ give an isomorphism on π 1 and hence the relation in (i) continues to hold
is also contained in Lemma 2.10 proved in Abreu-McDuff [3] . The existence of the robust family (26) in part (iv) is an immediate consequence of Proposition 4.2. Indeed, since the maps i induce a surjection on the first rational homotopy groups for λ in that range and the family can be obtained by pulling back the smooth representative t g k to the symplectomorphism groups. For the second part of (iv), we use the fact thatĩ induces an isomorphism on the first rational homotopy groups for the given λ range. Using this isomorphism, the relation (27) follows for instance from the fact that for the given λ range the vector space
Of particular importance for us are the relations in point (i). For the rational case, dual relations between the elements in the cohomology, derived by Abreu-GranjaKitchloo [2] will be provided and used in Section 4.6.
Natural Equivariant Gromov-Witten invariants in ruled surfaces
The circle maps
give rise to maps
These can also be viewed as a collection of symplectic fibrations
They are the associated symplectic fibrations with fiber (M g λ , ω λ ) endowed with the S 1 -invariant symplectic form (21), and equivariant almost complex structure J (k),g , we have
Then, using Corollary 3.11 we obtain the following The proof follows from Theorem 1.6 and Corollary 3.11. This is the chief result that will be used in the following three subsections. By suspension of the family δ 1 1+ε , we get maps F 1,ε :
Then, a multiple of F 1 extends to F 2 and further deforms to F 2,ε . Lemma 4.3 (iv) implies that suitable multiples of F 1,ε and F 1,ε will be homotopic for ε > 0. Since F 2,ε is a new family and F 2,ε is a deformation of the map F 2 , the two cannot be homotopic; therefore we must have a new element in π 4 (BG 1 1+ε ). We claim that this element is in fact robust. For this, recall thatF 2,ε exhibits nontrivial Gromov-Witten invariants in a class on which the symplectic form ω 1 vanishes. If the two fibrations Therefore, this robust element must survive in the homotopic limit BG 1 ∞ = BD 1 0 . But since the maps i are surjective on rational homotopy groups for any 1 + ε ≥ 1, no essential element in BD 1 0 can be obtained from a new element detected after some 1 + ε > 1. Therefore, our assumption that the Whitehead product is trivial must be false and Theorem 1.4 holds. Remark 4.6. We know from Karshon's results in [13] By composition, we obtain a family
Observe that after considering sufficient multiples for both F 1,ε and F n+1,ε , we get via Lemma 4.3 that the maps F 1,ε and F 1,ε are homotopic to each other, have no torsion, and are homotopic to a multiple of the suspension of the circle map γ 0 k+ε,1 . We want to build on F 1 a map F n whose deformations via composition with h k,ε are homotopic to F n,ε . Note that the homotopy type of the map F n,ε is determined by all the homotopy classes of the attaching maps used to attach subsequent cells to F 1,ε .
Since the spaces BG 0 k and BG 0 k+ε have isomorphic π * for * ≤ 2n, and the isomorphism is preserved by the maps h k,ε , the same attaching maps used forF n,ε can be used to extend F 1 to the desired map F n : P n −→ BG 0 k . Evidently, by this construction, the deformations
are homotopic to F n,ε for ε > 0.
It follows immediately that as long as ε > 0, we can extend F n,ε to a map F n+1,ε homotopic to F n+1,ε . The family F n+1,ε , ε > 0 satisfies conditions I and II of Corollary 2.6.
Hence, either point A) or B) must hold. An argument as in Subsection 4.4 shows that any elements obtained by point A must be robust.
However, we cannot have any new robust families in π 2n+2 (BG 0 k+ε ) since any such element would vanish after reaching the appropriate integer. Hence, B) holds and we must have a nonzero element W ∈ π 2n+1 BG 0 k ⊗ Q that gives a nontrivial Whitehead product of order 2n. Recall that we considered n = 2k − 2. Now, we have the following: Proposition 4.7. For all k ≥ 1 and 0 < ε ≤ 1, and for γ 0 k+ε,1 given by the circle action H k , the rational Samelson product of order 2k
where w k is a fragile homotopy class that disappears when ε > 1.
Proof.
Recall that an nth-order Samelson product is a desuspension of a corresponding Whitehead product. The previous arguments, shifted from k to k + 1, show that
Zero is always present in the rational Samelson products of S (2k+1) (γ 1,k+1 ) because the map γ 0 k+1,1 is a symplectic circle action. Furthermore, since the rational homotopy groups of G k+1 are known, no other elements will be present in this Samelson product and the lower-order products must be trivial.
Finally, since the groups G k+ε are homotopic for 0 < ε ≤ 1 the proposition holds. We will call Whitehead products of type ( p, s), 2p + 4s = 4k + 2 the following: 
2. The following Whitehead product of order k + 1 is nontrivial and consists of only one element in π 4k+1 BG 0 λ : 
induce morphisms of graded rings between the corresponding rational cohomology rings. By Proposition 4.10 and Proposition 4.11, they give the graded ring morphisms:
These relations imply that both F k−1 and P k must divide F k . By Proposition 4.10, the homogeneous degree of F k must be 4k + 2. Since all factors A,
are mutually prime with P k , it follows that F k is of the form (1).
The initial of induction follows similarly; in this case P 1 = X − Z + A 2 divides F 1 from the map (37) and A divides F 1 from the effect in cohomology of the inclusion of K 0 in G λ , 1 < λ ≤ 2. Since F 1 has homogeneous degree 6, it immediately follows that
4.7 The case g > 1
We will treat this case in a manner similar to the case g = 0, but since a lot less is known about the additive structure of π * (BG g k+ε ) in this case, our conclusions will be weaker. 
) and hence
).
We will study the cokernel in the case g = 0 separately. )) * . By the Riemann-Roch theorem, this space has complex dimension 2k + 2g − 2 − g + 1 = 2k + g − 1. To find out how these fibers fit together topologically in the obstruction bundle, we need to understand what is the induced S 1 -action on (H 0 ( g , O(−2k) * g ⊗ K g )) * such that
Since S 1 acts with weight 1 on the normal bundle μ g = O(−2k) g , and correspondingly on its dual O(−2k) * g , the space of sections inherits a diagonal S 1 -action with equal weights given by either 1 or −1. Since it will be enough to determine the EGW up to
